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INTRODUCTION
A numerical semigroup is a subset S of  closed under addition, contain-
ing the identity element of  and generating  as a group (here  denotes
the set of nonnegative integers and  the set of integer numbers). If S is
a numerical semigroup, then it admits a unique minimal system of gener-
ators n0 < n1 < · · · < np. The Apery set of S with respect n0 is the set
s ∈ S  s − n0 6∈ S. If s ∈ S, then there exists a0; a1; : : : ; ap ∈ p+1 such
that s = a0n0 + a1n1 + · · · + apnp. We say that an element has a unique
expression whether a0; a1; : : : ; ap is unique. In this paper we are inter-
ested only in numerical semigroups fulling that all the elements of its
Apery set with respect n0 have a unique expression. The main result of this
work is Theorem 1. That gives us a minimal presentation for this kind of
semigroup. As an application of this theorem, we study the minimal presen-
tations of symmetric numerical semigroups fullling that all the elements
of its Apery set, except the maximum, have a unique expression. All the
methods used in this work are semigroupist and they are in the same line
1 This paper was supported by the project DGES PB96-1424.
2 Special thanks to P. A. Garca-Sanchez, J. I. Garca-Garca, and the referee for their
comments and suggestions.
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of [7, 8, 9]. However, the concept of semigroup ring and the works [3, 4]
give immediate aplications of the results of this paper in ring theory.
1. PRELIMINARIES
Let S be a numerical semigroup. From the above denitions (see, for
instance, [1, 6]) the following results are obtained:
1. The set \S is nite. Thus, we can dene the Frobenius number
of S as the greater element of  which is not in S.
2. S has a unique minimal system of generators n0 < n1 < · · · < np.
The numbers n0 and p + 1 are called the multiplicity and the embedding
dimension of S, respectively.
3. Let n ∈ S\0. Dene the Apery set of the element n as the set
ApS; n = s ∈ S  s − n 6∈ S. Easily, it can be proved that ApS; n is
formed by the smallest elements of S belonging to the different congruence
classes mod n. Thus, #ApS; n = n and the Frobenius number of S is
equal to maximumApS; n − n (where #A stands for CardinalityA).
In the rest of this section S will represent a numerical semigroup with
minimal system of generators n0 < n1 < · · · < np, F the free monoid
on X0;X1; : : : ;Xp (F = a0X0 + · · · + apXp  a0; : : : ; ap ∈ ), and
ϕ: F −→ S the monoid epimorphism dened by
ϕa0X0 + · · · + apXp = a0n0 + · · · + apnp:
It is known (see, for instance, [6]) that if σ is the kernel congruence of ϕ,
x σ y if ϕx = ϕy, then S is isomorphic to the quotient monoid F/σ .
Redei shows in [5] that the congruence σ is nitely generated and therefore
there exists
ρ = x1; y1; : : : ; xt; yt ⊆ F × F
such that σ is the least congruence on F containing ρ. The set ρ is called a
presentation of the numerical semigroup S. If there is not any proper sub-
set of ρ which generates σ , then we say that ρ is a minimal presentation.
In [7] it is proved that for numerical semigroups the concept of minimal
presentation and presentation with the least cardinality are the same; fur-
thermore it is shown how a minimal presentation of a numerical semigroup
can be computed from its minimal system of generators. From that paper
we deduce the following:
Let n ∈ S\0; denote En = x ∈ F  ϕx = n (note that En is a
nonempty nite set). Dene on En the equivalence relation
a0X0 + · · · + apXpRb0X0 + · · · + bpXp
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if there exist
k00X0+ · · ·+k0pXp; k10X0+ · · ·+k1pXp; : : : ; kl0X0+ · · ·+klpXp ∈ En
such that a0X0 + · · · + apXp = k00X0 + · · · + k0pXp, b0X0 + · · · +
bpXp = kl0X0 + · · · + klpXp, and ki0ki+10 + · · · + kipki+1p 6= 0 for all
i ∈ 0; 1; : : : ; l − 1. Dene γn in the following way.
 If #En/R = 1, then γn = Z.
 If #En/R = r ≥ 2 and En/R = A1;A2; : : : ;Ar, then
we choose xi ∈ Ai for every i ∈ 2; : : : ; r, y2; : : : ; yr ∈ A1; set
γn = x2; y2; : : : ; xr; yr.
As a consequence of [7] we can assert that γ = Sn∈S\0 γn is a minimal
presentation of S.
2. MINIMAL PRESENTATIONS OF NUMERICAL SEMIGROUPS
WITH APERY SETS OF UNIQUE EXPRESSION
Let S be as above. We say that an element n ∈ S has a unique expression
if #En = 1. In this section we shall suppose that all the elements of
ApS; n0 have a unique expression. Our main goal is to give a minimal
presentation of S.
Let T = a1; : : : ; ap ∈ p  a1n1 + · · · + apnp 6∈ ApS; n0 and
minimals T  = α1 = α11; : : : ; α1p; : : : ; αt = αt1; : : : ; αtp
with respect the usual order of p (note that by Dickson’s lemma this set is
nite). For every i ∈ 1; : : : ; t we dene xi = 0X0 +αi1X1+ · · · +αipXp ∈
F . Since ϕxi 6∈ ApS; n0 we deduce that there exists βi0; βi1; : : : ; βip ∈
p+1 with βi0 6= 0 such that ϕxi = βi0n0 + βi1n1 + · · · + βipnp. For
every i ∈ 1; : : : ; t, dene yi = βi0X0 + βi1X1 + · · · + βipXp ∈ F .
Observe that ϕxi = ϕyi for all i ∈ 1; : : : ; t and therefore ρ =
x1; y1; : : : ; xt; yt ⊆ σ .
Theorem 1. The set ρ = x1; y1; : : : ; xt; yt dened above is a min-
imal presentation of S.
Proof. For showing that ρ is a minimal presentation of S, we prove
that ρ is obtained using the construction given at the end of the preceding
section. First, note that ρ ⊆ σ and therefore ρ = Sn∈S\0 ρ ∩ En ×
En.
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 We show now that #En/R = 1 implies that
ρ ∩ En × En = Z:
For this purpose it is enough to prove that #Eϕxi/R ≥ 2 for all
i ∈ 1; : : : ; t. Note that xi; yi ∈ Eϕxi and xi 6= yi; thus we can assert
that #Eϕxi ≥ 2. We prove that the R-class of Eϕxi which contains
xi has cardinality equal to 1 and so we get that #Eϕxi/R ≥ 2. If
b0X0 + · · · + bpXp ∈ Eϕxi and b00 + b1αi1 + · · · + bpαip 6= 0; then
there exists j ∈ 1; : : : ; p such that αijbj 6= 0. Hence,
0; αi1; : : : ; αij − 1; : : : ; αip; b0; : : : ; bj − 1; : : : ; bp ∈ p+1
and
αi1n1 + · · · + αij − 1nj + · · · + αipnp
= b0n0 + · · · + bj − 1nj + · · · + bpnp:
The minimality of αi implies that
αi1n1 + · · · + αij − 1nj + · · · + αipnp ∈ ApS; n0
and since by hypothesis the elements of ApS; n0 have a unique expression,
we obtain that
0; αi1; : : : ; αij − 1; : : : ; αip = b0; : : : ; bj − 1; : : : ; bp:
Hence
b0X0 + · · · + bpXp = 0X0 + αi1X1 + · · · + αipXp:
 Assume now that #En/R = r ≥ 2. Let
En/R = A1;A2; : : : ;Ar
and suppose that A1 contains all the elements
a0X0 + · · · + apXp ∈ En
fullling that a0 6= 0 (note that all these elements are contained in the
same R-class of En). We show that if x ∈ Ai, with i ∈ 2; : : : ; r, then
x ∈ x1; : : : ; xt. Since x 6∈ A1, we have that x = 0X0 + a1X1 + · · · + apXp
and in this case
a1n1 + · · · + apnp 6∈ ApS; n0
because this element has not a unique expression and each of the elements
of ApS; n0 have a unique expression. Futhermore, if aj 6= 0 then
a1n1 + · · · + aj − 1nj + · · · + apnp ∈ ApS; n0
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because otherwise there exists b0; : : : ; bp ∈ p+1 with b0 6= 0 and such
that
a1n1 + · · · + aj − 1nj + · · · + apnp = b0n0 + · · · + bpnp;
which implies that
0X0 + a1X1 + · · · + apXpRb0X0 + · · · + bj + 1Xj + · · · + bpXp
and since b0 6= 0 we deduce that 0X0 + a1X1 + · · · + apXp ∈ A1 which is
absurd. This proves that if x ∈ Ai, i 6= 1, then x ∈ x1; : : : ; xt. As we have
shown before the R-class of Eϕxj which contains xj has cardinality 1.
Thus, #Ai = 1 for all i 6= 1. Therefore we can assert that ρ∩ En ×En
is of the form x2; y2; : : : ; xr; yr with xi ∈ Ai and yi ∈ A1 for all i ∈
2; : : : ; r.
For each n ∈ S \ 0, set ρn = ρ ∩ En × En. We get that ρ =S
n∈S\0 ρn. Furthermore, ρn is as follows.
 If #En/R = 1, then ρn = Z.
 If #En/R = r ≥ 2 and En/R = A1; : : : ;Ar, then ρn =
x1; y2; : : : ; xr; yr with xi ∈ Ai and yi ∈ A1 for all i ∈ 2; : : : ; r.
Using now the construction given at the end of the previous section we
conclude that ρ is a minimal presentation of S.
We illustrate the above theorem with the following example.
Example 1. Let S be the numerical semigroup generated by 7; 8; 25;
26; 27. Computing ApS; 7 we obtain that this set is equal to 0; 8; 16;
24; 25; 26; 27 and that all its elements have a unique expression. Ob-
serve that n0 = 7, n1 = 8, n2 = 25, n3 = 26, n4 = 27, and ApS; n0 =
0; n1; 2n1; 3n1; n2; n3; n4. With all this information we can compute
Minimalsa1; a2; a3; a4 ∈ 4  a1n1 + a2n2 + a3n3 + a4n4 6∈ ApS; n0;
obtaining the set
4; 0; 0; 0; 1; 1; 0; 0; 1; 0; 1; 0; 1; 0; 0; 1; 0; 2; 0; 0;
0; 1; 1; 0; 0; 1; 0; 1; 0; 0; 2; 0; 0; 0; 1; 1; 0; 0; 0; 2:
Finally, applying Theorem 1, we have that a minimal presentation of S is
ρ = 4X1;X0 +X5; X1 +X2;X0 +X3; X1 +X3;X0 +X4;
X1 +X4; 5X0; 2X2; 6X0 +X1; X2 +X3; 5X0 + 2X1;
X2 +X4; 4X0 + 3X1; 2X3; 4X0 + 3X1;
X3 +X4; 4X0 +X2; 2X4; 4X0 +X3:
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There are very interesting families of numerical semigroups fullling the
condition that each of the elements of ApS; n0 have a unique expression.
For instance, the MED-semigroups (numerical semigroups with maximal
embedding dimension; in [8] an explanation is given as to why they are
called in this way) belong to this class of semigroups. A numerical semi-
group S with minimal system of generators n0 < n1 < · · · < np is a
MED-semigroup if n0 = p + 1. Then ApS; n0 = 0; n1; n2; : : : ; np and
therefore all its elements have a unique expression. Applying Theorem 1,
we deduce that a minimal presentation of S is
ρ = 2X1; y1; X1 +X2; y2; : : : ; X1 +Xp; yp; 2X2; yp+1;
X2 +X3; yp+2; : : : ; X2 +Xp; y2p−1; : : : ; 2Xp−1; ypp+1/2−2;
Xp−1 +Xp; ypp+1/2−1; 2Xp; ypp+1/2;
where if x; y ∈ ρ, then y ∈ Eϕx and furthermore y is the form a0X0 +
· · · + apXp with a0 6= 0. As a consequence of this we can state the following
result which has also been proved in [8, 12].
Proposition 2. If S is a MED-semigroup with minimal system of genera-
tors n0 < n1 < · · · < np, then the cardinality of a minimal presentation for
S is n0n0 − 1/2.
We nish this section giving a family of numerical semigroups that allows
us to construct for any two natural numbers m and e such that 2 ≤ e ≤ m a
numerical semigroup with multiplicity m, embedding dimension e, and with
the cardinality of its minimal presentations equal to ee− 1/2. Note that
an open problem is to determine from m the cardinality of a minimal pre-
sentation of the numerical semigroups with multiplicity m. So, for instance,
if m = 5 this cardinality can be 1, 2, 3, 5, 6, and 10 (see [10]).
Proposition 3. Let q ∈ \0, m ∈  such that m ≥ q+ 2 and S is the
submonoid of ;+ generated by
m;m+ 1; qm+ q+ 1; qm+ q+ 2; : : : ; qm+ m− 1:
Then S is a numerical semigroup with multiplicity equal to m, embedding
dimension e = m− q + 1, and cardinality of its minimal presentations equal
to ee− 1/2.
Proof. Since g.c.dm;m + 1 = 1, we obtain that S generates  as a
group and thus S is a numerical semigroup. Futhermore, it is clear that
m;m+ 1; qm+ q+ 1; qm+ q+ 2; : : : ; qm+ m− 1
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is a minimal system of generators of S and therefore its multiplicity is equal
to m and its embedding dimension is e = m − q + 1. If we denote n0 =
m;n1 = m+ 1; n2 = qm+ q+ 1; n3 = qm+ q+ 2; : : : ; np = qm+ m− 1,
then easily we obtain that
ApS; n0 = 0; n1; 2n1; : : : ; qn1; n2; n3; : : : ; np;
a set where all its elements have a unique expression. Now applying Theo-
rem 1, we obtain that a minimal presentation of S is
ρ = q+ 1X1; y1; X1 +X2; y2; : : : ; X1 +Xp; yp;
2X2; yp+1; X2 +X3; yp+2; : : : ; X2 +Xp; y2p−1; : : : ;
2Xp−1; ypp+1/2−2; Xp−1 +Xp; ypp+1/2−1; 2Xp; ypp+1/2;
where if x; y ∈ ρ, then y ∈ Eϕx and furthermore y is of the form
a0X0 + · · · + apXp with a0 6= 0. Hence, #ρ = ee− 1/2.
3. APPLICATION TO SYMMETRIC SEMIGROUPS
A numerical semigroup S with Frobenius number C is symmetric if x ∈ 
and x 6∈ S implies that C − x ∈ S. Suppose that S is a numerical semi-
group with minimal system of generators n0 < n1 < · · · < np and let
ApS; n0 = 0 = w1 < w2 < · · · < wn0 = C + n0. Then, it can be
proved (see, for instance, [9]) that S is symmetric if and only if wi +
wn0 − i + 1 = wn0 for all i ∈ 1; : : : ; n0. This characterization shows
that there exist only a few symmetric semigroups S fullling the condi-
tion that the elements of ApS; n0 have a unique expression. From [11] it
is deduced that if we impose to a symmetric semigroup that the elements of
ApS; n0 have a unique expression, then S is a free numerical semigroup
in the sense of free given by Bertin and Carbonne in [2] (here the con-
cept of free is not the same as the categorical concept of free object). In
this section, we study the presentations of symmetric semigroups S fullling
that the elements of ApS; n0\C + n0 have a unique expression.
From now on, we suppose that S is symmetric numerical semigroup with
a minimal system of generators n0 < n1 < · · · < np, Frobenius number
C such that C > n0 > 2, and ApS; n0 = 0 = w1 < w2 < · · · <
wn0 = C + n0. Furthermore, we shall assume that all the elements of
ApS; n0\C + n0 have a unique expression. In [9] it is shown that S′ =
S ∪ C is a numerical semigroup with minimal system of generators n0 <
n1 < · · · < np < np+1 = C and
ApS′; n0 = 0 = w1 < w2 < · · · < wn0 − 1 < C:
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Clearly, all the elements of ApS′; n0 have a unique expression because
all the elements of ApS; n0\C + n0 have a unique expression. Hence,
we can compute a minimal presentation of S′ using Theorem 1. In [8] it
is described how to obtain a minimal presentation ρ of S from a minimal
presentation ρ′ of S′. In particular, in the proof of Theorem 1.3 of [9] it
shown that #ρ′ = #ρ+ p+ 2.
There are very interesting families of numerical semigroups fullling that
all the elements of ApS; n0\C + n0 have a unique expression. An in-
stance of these are the MEDSY-semigroups (symmetric semigroups with
maximal embedding dimesion; in [9] an explanation of why they are called
this is given). A numerical semigroup S minimality generated by n0 < n1 <
· · · < np is a MEDSY-semigroup if it is symmetric and 3 ≤ p+ 1 = n0− 1.
For these semigroups we have that ApS; n0 = 0 < n1 < n2 < · · · < np <
C + n0 and therefore all its elements, except C + n0, have a unique expres-
sion. Furthermore EC + n0 = Xi + Xp−i+1  i ∈ 1; : : : ; p + 1/2
where x denotes the integer part of x. Note that in this case we have that
S′ = S ∪ C is a MED-semigroup. Using that S′ is a MED-semigroup (and
thus p+ 2 = n0), we obtain from Proposition 2 the following consequence
which also appears in [9, 12].
Proposition 4. If S is a MEDSY-semigroup with minimal system of gen-
erators n0 < n1 < · · · < np, then the cardinality of a minimal presentation
of S is n0 − 1n0 − 2/2 − 1.
We nish this section by giving a family of symmetric numerical semi-
groups with embedding dimension equal to the multiplicity minus 2.
Proposition 5. Let m be a natural number greater than or equal to 5 and
let S be the submonoid of ;+ generated by
m;m+ 1;m+ 4;m+ 5; : : : ;m+ m− 1:
Then S is a symmetric numerical semigroup with multiplicity m, embedding
dimension e = m − 2, and the cardinality of its minimal presentations equal
to ee− 1/2 − 1.
Proof. Since g.c.dm;m+ 1 = 1, S generates  as a group and there-
fore it is a numerical semigroup. Furthermore, it is clear that
m;m+ 1;m+ 4;m+ 5; : : : ;m+ m− 1
is a minimal system of generators and therefore its multiplicity is equal to
m and its embedding dimension is e = m− 2. Setting
n0 = m; n1 = m+ 1; n2 = m+ 4;
n3 = m+ 5; : : : ; np = m+ m− 1
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we have that
ApS; n0 = 0 < n1 < n2 < n3 < · · · < np < 2n1 < 3n1
= n2 + np = n3 + np−1 = · · · = np+2/2 + np+3/2
with x the integer part of x. Thus, the semigroup is symmetric and all
the elements of ApS; n0, except the maximum, have a unique expression.
So, we know that the Frobenius number of S is np+1 = 3n1 − n0, that the
numerical semigroup S′ generated by n0 < n1 < · · · < np < np+1 has
ApS′; n0 = 0 < n1 < · · · < np < 2n1 < np+1;
and that all its elements have a unique expression. Applying Theorem 1 we
deduce that S′ admits a minimal presentation
ρ′ = 3X1; y1; X1 +X2; y2; : : : ; X1 +Xp+1; yp+1;
2X2; yp+2; : : : ; X2 +Xp+1; y2p+1;
: : : ; 2Xp+1; yp+1+p+···+1;
where yk are of the form a0X0+ · · · + ap+1Xp+1, with a0 6= 0. Then #ρ′ =
p+ 1p+ 2/2. But we know that if ρ is a minimal presentation of S, then
#ρ′ = #ρ + p + 2, whence #ρ = pp + 1/2 − 1 = ee − 1/2 − 1.
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